Using a holographic proposal for the entanglement entropy, we show that the entanglement entropy for field theories at finite temperature undergoes a phase transition. Using the BTZ black hole we show that the entanglement entropy is an order parameter between a 2D CFT and a theory away from criticality. In higher dimensions we observe qualitatively a similar kind of phase transition. We present explicit results for the N = 4 strongly coupled plasma via its holographic representation.
Introduction
Given a system in a pure quantum state |Ψ > and density matrix ρ = |Ψ >< Ψ|, if we split the system into two subsystems A and B, the reduced density matrix is obtained by tracing over the degrees of freedom in the complementary subsystem, say, ρ A = Tr B ρ. The entanglement entropy is defined as the von Neumann entropy S A = −Trρ A log ρ A .
(1.1)
This provides a measure of how entangled or "quantum" a system is. Entanglement plays a central role in quantum information theory as it determines the ability to send quantum information [1] . The entanglement entropy also plays an important role in the study of strongly correlated quantum systems [2] .
Recently [3] a prescription for the holographic computation of the entanglement entropy has been provided. Inspired by the Bekenstein-Hawking entropy, it suggests to calculate the entanglement entropy as the area associated to a minimal surface γ A whose boundary is the region A in the field theory living at the boundary:
This recipe has been successfully applied to various systems and extended in different directions [4] . A slightly modified version of the entanglement entropy is
The entropy is obtained by minimizing the above action over all surfaces that approach the boundary of the subsystem A. In a very interesting paper [5] , it was suggested that in the presence of regions with collapsing cycles, which are typical for supergravity duals of confining field theories, alternative surfaces arise. By comparing the entropy due to two different configurations, it was shown that the entanglement entropy could be an order parameter for the confinement/deconfinement transition. The motivation comes from the fact that it jumps from a configuration with dominant term of the form N 2 to N 0 for supergravity backgrounds describing theories with SU(N) gauge groups in the large N, fixed 't Hooft coupling limit.
One intriguing fact about the results of [5] is that, by analyzing a surface in the supergravity dual to the confined phase of the field theory, one is able to anticipate the existence of a deconfined phase. This prompts the natural question of whether exploration of the deconfined phase can equally well give information about the existence of a confined phase.
According to the AdS/CFT correspondence [6] , the dual of field theories at finite temperature involves black hole horizons on the supergravity side [7] . The horizon provides a natural end of the space similar to the situation discussed in [5] . In fact, in the context of the AdS/CFT is has already been established in various situations that there are phase transitions associated to different behavior of surfaces describing branes in the presence of a horizon [8] [9] [10] [11] [12] [13] .
In this paper we establish that the entanglement entropy undergoes a transition for field theories at finite temperature. We define our subsystem A to be roughly determined by an interval of length l in the field theory. Our result is based on a holographic analysis whereby we find that the dominant contribution to the entanglement entropy comes from a continuous surface for small values of l and from a discontinuous surface that drops straight to the horizon for large values of l.
In section 2 we discuss the gravity dual of a 2D CFT. Section 3 discusses higher dimensional supergravity duals of field theories. In particular, we present explicit results for the gravity dual of N = 4 supersymmetric Yang-Mills at high temperature.
We conclude with some comments on 4.
2D CFT transition at finite temperature from the BTZ black hole
The relevant geometry holographically describing the field theory at finite temperature is the BTZ black hole [14] :
Consider a curve with t = constant and we allow r(φ). The subsystem A is defined as extending in the φ direction: 0 ≤ φ ≤ 2πl/L. The action describing the embedding for this configuration is
The equation of motion can be integrated to give
This allows us to related the length in the φ direction with the turning point r * of the corresponding string into the bulk:
The temperature is β = RL/r + . The gravitational theory on AdS 3 with radius R is dual to a 2D CFT living in its boundary with central charge c = 3R/2G
N [15] . The entanglement entropy given by the continuous configuration is thus:
As noted in [3] , this result is in agreement with the field theory result for a 2D CFT at finite temperature [16] :
where a is a ultraviolet cutoff that can be thought of as a lattice spacing. The discontinuous configuration consists of two lines that go from the boundary to the horizon, their action is
By construction, this entropy is independent of the length l of the interval that defines the subsystem A. In intrinsic field theoretic terms, we could rewrite it as:
The study of entanglement entropies in 1+1 system is well developed. In [17] a formula for the entanglement entropy of a system of length l was obtained for conformal field theories: (c/3) ln(l/a). Some extensions of this result have been discussed recently, including systems away from criticality [16, 18, 19] . Systems closed to the phase transition, that is, large but finite correlation length are described by massive quantum field theories with mass inversely proportional to the correlation length [16] :
The correlation length that appears above is considered to be the inverse of the mass m = ξ −1 . The correlation length ξ and the inverse temperature β can be naturally identified in our setup completing the matching of the gravity (2.8) with the field theoretic one.
The transition can be viewed by
This quantity changes sign at some critical length:
Transitions in plasmas in higher dimensions
We can consider the possibility of a phase transition for the finite temperature dual of field theories in various dimensions [20] . The relevant non-extremal metric is:
We consider a surface of constant time t = const. and that extends x 1 = x ∈ [−l/2, l/2] and assume that u = u(x). The action for the area is:
We will also denote λ = g
There is an integral of motion for this problem because of Lagrangian does not depend explicitly on x. This allows us write the equations of motion in a simple way:
Integrating as before:
The action takes then the following form:
The discontinuous area is obtained by assuming t = constant, x = constant and then we allow u ∈ [u 0 , ∞).
Connected and disconnected surfaces in the N = 4 plasma
The metric
where the parameter u 0 completely characterizes the temperature of the background.
The surface: t-fixed, −l/2 ≤ x 1 ≤ l/2 and the embedding in the full space is determined by u(x).
The explicit relationship between the turning point of the surface u * and the length of the system A is:
The continuous area is best evaluated as:
In the large u limit this integral can be approximated by
s . Note that the divergent piece is independent of l.
The disconnected surface corresponds to a surface that goes from u = u 0 to the boundary for a fixed value of x. The expression for the area is 12) which can be integrated to obtain,
Thus, it diverges quadratically as in the continuous case.
We integrated (3.11) numerically for several values of u 0 , u * and u s . Then we calculated the difference between the continuous and the discontinuous entropies. We verified that the difference ∆S(u 0 , u * , u s ) converges to a constant value as u s is increased. Next, we studied the behavior of ∆S as a function of l(u 0 , u * ) with u 0 fixed.
We also verified that ∆S(l 1 ) − ∆S(l 2 ) = S cont (l 1 ) − S cont (l 2 ) also converges to constant values as u s → ∞, therefore the divergent part of the entropies is independent of l. 
Conclusions
In section 2 we showed that for a 2D CFT the change in the entanglement entropy is independent of the number of degrees of freedom, both are proportional to the central charge c. However, the expression for the entanglement entropy corresponding to the discontinuous configuration is that of a 1 + 1 dimensional theory off criticality.
We would like to suggest that, at least in 1 + 1 dimensions, we have a potentially measurable effect experimentally. Namely, the value of the critical length (2.11) is related to the inverse temperature and one should experimentally observe a change in the entanglement entropy of the system around that length. This effect could show itself as a difference in correlations functions for distances smaller and larger that this l crit .
In the case of higher dimensions, we find that for the N = 4 SYM the entropy corresponding to the discontinuous configuration is independent of N and therefore we see a jump in the observed number of degrees of freedom from N 2 at small values of l to N 0 for large l. Preliminarily we have detected similar behavior for all values of p in section 3. Our results seem complementary to those of [5] since we detect a transition in an a priori deconfined supergravity background. This points to the larger problem of a proper interpretation of l as a thermodynamical potential.
An interesting application would be to consider supergravity backgrounds that are finite temperature duals of theories that are confining low temperatures such as [21] [22] [23] .
